Let X be an algebraic (complete) variety over a fixed algebraically closed field k. To every Cartier divisor D on X, we can associate the graded fc-algebra R(X,D) = ®%_ 0 H°(X, 6x{nD)). As is known, for a semi-ample divisor D, R(X,D) is a finitely generated ^-algebra (see [21] or [9] ), while this property is no longer true for arbitrary nef and big divisors (see [21] ).
Introduction
Let X be an algebraic (complete) variety over a fixed algebraically closed field k. To every Cartier divisor D on X, we can associate the graded fc-algebra R(X,D) = ®%_ 0 H°(X, 6x{nD)). As is known, for a semi-ample divisor D, R(X,D) is a finitely generated ^-algebra (see [21] or [9] ), while this property is no longer true for arbitrary nef and big divisors (see [21] ).
In this paper we will be interested in studying the scheme Proj (R(X,D)), e.g. conditions under which this scheme is an algebraic (quasi-projective) variety over k. The latter property is relevant especially when R(X,D) is not finitely generated over k. It turns out that such questions are closely related to the study of the complements of divisors belonging to the linear systems \mD\, for m ^ 1.
It is well known that the complement of an effective ample divisor D on X is an open affine subset of X. On the other hand, if D is an effective semi-ample divisor on X, then its complement is proper over an affine scheme, i.e. it is a semi-affine variety (see [11] ). One shows that for a semi-afnne variety, it is not possible to extend global functions in any non-trivial open immersion; varieties with this last property will be referred to as (n-l)-valuation convex, where n = dim(X).
The main result of Section 2 is that the complement of an effective nef and big divisor D on X is (n-1 ^valuation convex. This is proved by applying a result of Wilson concerning the boundedness of the multiplicities of the fixed components of \mD\ as m -> oo and by using the classical technique of constructing rational functions as 'quotient of divisors'. Then we show that, if D is a nef and big divisor, every divisor in \mD\ has semi-affine complement for every m ^ 1 if and only if Proj (R(X,D)) is an algebraic variety over k.
In the first section we fix our terminology and recall the definition of a map introduced by Grothendieck to define the notion of ample invertible sheaf. As an application, we observe that some properties (e.g. affineness, semi-affineness, not containing complete curves, finite generation of the ring of global functions) of complements of divisors in a linear system on an arbitrary variety are linear, i.e. the divisors whose complements satisfy one of the conditions above form themselves a linear (sub)system.
In Section 3 we treat the case of surfaces. We show that on a surface every nef and big divisor has semi-affine complement. As a corollary we obtain that if a Cartier divisor D on a normal complete variety X of arbitrary dimension has Kodaira-Iitaka * Supported by grants of the Istituto di Alta Mathematica T. Severi' of Rome and of the Italian C.X.R.
is finitely generated over k). The last result, originally proved by Constantinescu in [7] with algebraic methods coming from the theory of algebraization of schemes, refines a theorem of Zariski (see [20] , [15] Section 3 and the remarks in Section 3). To our knowledge, these are the first examples of graded algebras not finitely generated over k, for which Proj is of finite type over k. It would be interesting to see to what extent the property of Proj (R(X,D)) being a quasiprojective surface is connected with periodicity of the function A(m), defined for m sufficiently large by h°(X, d^(mD)) = P(m) + A(m), where P(m) is a quadratic polynomial (see [8] , the introduction and theorems 2 and 8). Then a geometrical realization of Proj (R (X,D) ) as an open subset of a complete algebraic space gives some interesting corollaries.
We end by showing that when K(X,D) ^ 3, Proj (R(X,D)) need not be a variety, i.e. is not of finite type over k, and by analyzing some examples. As an application of the results, one can see that in the example of Wilson (see [19] ) of a complete Gorenstein 3-fold X, with canonical ring R(X) not finitely generated over k, Proj (R{X)) is a quasiprojective (canonical) variety.
Background material
We shall use the standard terminology of [E.G. A.] . By an algebraic variety we mean an algebraic scheme over the fixed algebraically closed field k, which is reduced and irreducible. To a pair (X, <£), consisting of an algebraic variety X and an invertible sheaf Jz? on X, we can associate the graded ^-algebra Denote by R(X, Jz?) + the set of all homogeneous elements of positive degree, and set 
the restriction of r^ toXy, r#:Xf-*D + (f), corresponds to the identity ofR(X, < (which is also identified with T(X f , (9 x 
)).
The morphism r^ will also be referred to as the Grothendieck map. One natural problem is to find conditions under which Proj {R(X, j£?)) is an algebraic variety (in general it is only an integral ^-scheme).
Goodman and Landman introduced the following:
Definition (see [11] Suppose that X f and X g do not contain complete curves. If X f+g contains a complete curve C, then r# maps C to a closed set C of D + {f+g). Then C is an affine scheme with F(C") = k, i.e. a point. This shows that C is contained in a fibre of r x and hence is in X f or in X g .
If F(Xf) and r(X g ) are finitely generated algebras over k, then
is a scheme of finite type over k by definition and the conclusion follows from the fact that
Remark. The fact that J^(£C) is linear was observed by Borelli (see [6] , theorem 1-1) with a completely different proof which makes use of a cohomological argument due to Hartshorne and Goodman. The linearity of £f{££) and ( €{S£) was shown in [11] , corollary 8-9, under the assumption that the variety is complete. The linearity of ^''S(^) is stated without proof in [20] , section 4. We observe that the linearity of «P/(J2?), ^(JS?) and S' < 3{^£) remains true on an arbitrary quasi-compact ^-scheme.
Nef and big divisors
We recall the following definition introduced by Wilson:
Definition (see [19] , 2-1). For an invertible sheaf i f o n a variety X, we say that the fixed locus of |J5?"| is numerically bounded if for every birational morphism <p:X'-+X, the fixed components of |^*(JS?")| have bounded multiplicities as n-> oo.
Wilson then showed that a nef and big invertible sheaf on a compact complex algebraic variety has this property (see [19] , 2-2) and so it is almost base point free in the sense of Goodman (see [10] ), i.e. for each point (not necessarily closed) xeX and each e > 0, there exists n = n(x, e) > 0 and D n e \nD\ such that vau\t x {D n ) < ne. Fujita extended this result to the class of complete normal varieties over an algebraically closed field k (see [9] , 6-13). Here is an application of the result above. Proof. We essentially make an adaptation of an argument contained in [11] , proposition 4-3. Let Y be a normal complete model of K(X) on which R is of the first kind. Such a model exists because R m A p , where A is a finitely generated domain over k and p is a minimal prime ideal of A of height 1 (see [22] , p. 89) and hence R ~ (% y with Y the normalization of a projective closure of Y' = Spec(vl).
Then as in the proof of lemma 4-1 of [16] , it is possible to patch together X f and an open neighbourhood of y in Y in order to obtain an open immersion i :X f c+ X, with R of the first kind on X (see also [11] , proposition 4-3). By a result of Nagata (see [16] ), we can suppose X complete and normal. By theorem 3-2 of [16] , there exists a (normal) complete variety X' and a 'commutative' diagram with n t isomorphisms on nJ 1 {X f ) (see also [13] , p. 76-77). Since R is a discrete valuation ring and X a normal variety, R is still of the first kind on X' and we can take n = n 2 .
Definition. A variety V of dimension n is (n-1 ^valuation convex if for all open immersion i:Vt+X with X a variety and for all peX\V of dimension n-1, there
Remark. We have modified the original notion of algebraic convexity of [11] , because in the proof of the implication (iii) => (iv) of proposition 4 3 there is an error (see also [11] , 4-12iv). Indeed it is asserted (loc. cit.) that a discrete valuation ring (R,m) of a field of functions K is the local ring of a point on a normal complete algebraic 'model' of if. Unfortunately this is not true in general, because, according to [22] (see also [23] ), one can easily construct an example of a discrete valuation ring (R,m) oiC(x,y) for which R/m m C, i.e. R is not the local ring of an algebraic 'model' of C(x,y). Take for example v to be the valuation of C((t)) associated to the discrete valuation ring C[[<]]; let x = t, y = e l be an embedding of C(x, y) into C((t)) and then let (R,m) be the discrete valuation ring associated to the restriction of v to C(x, y).
The definition, inspired by [11] , is sufficient for our applications; it is motivated by Proposition 5 below. (ii) => (iii). Suppose there were a prime divisor R ofK(V), containing F(F) and with no centre on V. Let Y be a normal complete model of K(V) with respect to which R is of the first kind. As in the proof of Proposition 3, we can construct an open immersion r F c , X, with R still of the first kind on X. B3 7 eliminating some points in X\V, we can assume X\V irreducible with generic point x and 6^ x cz R. Since F(F) <=& Xi x a n d since X is normal outside V by construction, we have F(F) = T(X) whence V is not maximal in Proof. The first assertion follows from the valuative criterion of properness (see also [11] , proposition 1-7). In particular in this case every valuation ring R of K(X), containing F(F), has a centre on V.
If F(F) is a finitely generated ^-algebra, by a theorem of Nagata (see [17] , theorem 1 or also [11] Proof. We can suppose V and X normal. If V does not have pure codimension one, eliminating the codimension one part of X\V we would obtain an open immersion i'-.Vt+X' with codim (V,X r ) ^ 2 and hence F(F) = F(X') by the normality of X'. So V is not (n-1)-valuation convex. PROPOSITION 
Let X be a normal complete variety and ££ a nef and big line bundle on X. IffeR(X,J£') m , then X f is (n-i)-valuation convex.
Proof. We verify condition (iii) of Proposition 4. Let R be a prime divisor of K(X f ) = K(X); we will show that, if it has no centre on X f , then it does not contain F(X f ). Since X is proper over k, R has a centre x on X. Let us suppose that x$X f . If R = (9,. x , then R cannot contain r(Xj) by Proposition 2. Otherwise let X' and n:X'->-X be as in Proposition 3. Then -n*{S£) is nef and big on X' and X;* (/) = TT~x{X f ) ~ X f . We then apply Proposition 2 to (X', n*(f)) to obtain T(X f ) $ R. COROLLARY (2) In Section 4 we will construct a class of examples of nef and big line bundles for which there exists feR(X, ^C) 1 , with X f (n-l)-valuation convex and T(Xy) not finitely generated over k, i.e. X f is not semi-affine. These are inspired by Zariski's paper [21] (see also [15] ).
Under the same hypothesis as Proposition 5, if r(X f ) is a finitely generated k-algebra, then X f is semi-affine.
We can now prove the main result of this section: THEOREM (/) = F(Xf) is a finitely generated ^-algebra; by Proposition 5 and Corollary 2, X f is semi-affine for every feR(X,^C) + and then r^ is a proper morphism. If r^, is a proper morphism, then it is surjective and by Corollary 3"9 of Proof. Since Proj (R(X, Z£)) is a projective variety over k, by Theorem 1, r^ is a proper surjective morphism and hence U is proper over k, which implies U = X.
Let X be a normal complete variety and S£ a nef and big line bundle on X. Then the following conditions are equivalent:

Proj (R(X,££)) is a quasi-projective variety over k. r# is a proper morphism.
Proof. If Proj (R(X, ££)) is a variety, then D + (f) is an affine variety and hence r(D + (/)) =R(X,!£)
The converse is true in general and is due to Zariski (see [21] ). LEMMA 
The case of surfaces
Let Xbea non-singular and complete variety and D an effective nef and big divisor onX. Then there exists a divisor D' with supp (D') = supp (D) and such that \D'\ has no fixed components.
Proof. Let V:= X\supp (D).
It is sufficient to construct a function 0eF(F), which has poles along each irreducible component D t of supp(D) and take D' = (<p) m , the polar divisor of <j). As in Proposition 2, for every i we can construct, ^e F(F), with (p ( having a pole along D t , and then take <j> = 2 <f>f'e F(F) for suitable n t ^ 1 (see [10] , proposition 2). (R(X,D) ) is quasi-projective. [20] and [21] . In fact theorem 10'1 of [21] assures that in our hypothesis \wD\ has bounded multiplicities and so there exists a divisor D' without base points with supp (D) = supp (D') (see also [20] , pp. 162-163).
Remarks. (1) This proof is essentially contained in
(2) In [20] 
it is shown that for a divisor D on & surface X, R[D] = F(X\supp (D))
is a finitely generated fc-algebra (algebro-geometric version of Hilbert's 14th problem). This last observation can be translated into Proj (R(X,D) ) is locally of finite type over k. Independently, Constantinescu proved that Proj (R(X,D) ) is more precisely of finite type over k for an arbitrary divisor D on a surface X (see [7] ). In fact this is a consequence of Corollary 5. Indeed, let D be a big divisor on a nonsingular surface X (remember that if K(X,D) ^ 1, R(X,D) is finitely generated over k, see [21] ). Let D = P+N be the Zariski decomposition of D into the nef part P and the negative part N. If s is the least integer such that sP has integer coefficients we have H°(&r(nsD)) = H°(C^(nsP)) for all ra ^ 1. Hence
Proj (R(X,D)) ~ Proj (R(X,BY S) ) =a Proj (R(X,sP)).
We have reduced the problem to the case in which D is nef and big; by Corollary 5 we infer that Proj (R (X,D) ) is a quasi-projective surface.
We shall now give a direct geometric proof of this last result in order to obtain some interesting corollaries. Set jrf :-{integral curves C on X: (P • C) = 0}.
By the Hodge index theorem and the Neron-Severi theorem, stf is a finite set and the matrix [(C t • C } )] is negative definite. The Artin-Grauert criterion of contraction (see [1] , [2] and [12] ) yields the existence of a birational proper morphism 7T:X-> Y, with Y a normal complete algebraic space of dimension two, such that the connected components of JS/ are the only curves contracted to points of Y. Let
Then 38 is a finite set. We recall that Y is called the canonical model of (X,D) (see also [3] , [4] or [18] ). PROPOSITION 
Let X be a protective non-singular surface and let D be a big divisor on X. If Y is the canonical model of (X,D), then Proj (R(X,D)) ^ Y\&, whence it is a quasi protective normal surface with T (Proj (R(X,D)) 2; k. Moreover, Proj (R(X,D)) is protective if and only if R(X,D) is finitely generated over k.
Proof. Let n:X-+ Y be as above, let V = Y\0& and Jzf' = (9 Y {n *{sP)) w for s such that n^(sP) is Cartier on U'. We have for all n ^ 0, (9 y (7T*(nsP)) ~ H°(X, (9 x (nsP) ); furthermore for all f'eR(U', ££'), U' f , = Y f because otherwise TT*(P) would be Q-Cartier in some point of 8ft. On the other hand by the projection formula for Q-divisors on an algebraic normal space of dimension two (see [18] ), the complement of X n * (n = n'^^U'f) = n~1(Y f .) inX is the support of a nef and big divisor and by Corollary 4 it is semi-affine. Note that r(X n * in ) = V(U' f ) since n^( (9 x Proof. Every rational singularity has finite divisor class group, so that n^P) is Q-Cartier near n(F).
COROLLARY 8 (Badescu, Cutkosky-Srinivas, see [4] or [8] , theorem 3). If D is a big divisor on a normal complete surface defined over k = F p , then R(X,D) is a finitely generated k-algebra.
Proof. We can suppose X non-singular. Now, every singularity of Y has torsion divisor class group, hence TT*(D) is an ample Q-Cartier divisor on the normal projective surface Y and R(X,D) ^ R(Y,n*( COROLLARY 9 (Constantinescu, see [7] ). Let X be a normal complete variety and jSf be a line bundle on X ivith K(X,<£) ^ 2. Then Proj (R(X, £?) ) is a quasi-projective variety over k, such that F(Proj (R(X, if) Let F be the largest effective Q-divisor on W such that Dn^ -xJr^F) is an effective Q-divisor. Then, exactly as in [8] p. 544, one sees that for all n ^ 0
H°(X, (9 x (nD)) * H°(W, & w ([nF])).
It follows in particular that there exists a big divisor
(S) for some integer s ^ 1 and hence
If K(X, i f ) = 1, then D l is ample and Proj (R(X, S£)) is a projective curve. If = 2, the conclusion follows from Proposition 6. is the section which corresponds to X o , then
Examples
T(Y T ) = r(Y\X 0 )~R(X,g')[T] iT)~B (X,g').
Hence D + {T) is an affine nonnoetherian open subset of Proj (R (Y, <£') ). It is not difficult to show that the 'cone' Proj (R(Y, $£')) is algebraic outside the vertex.
Exam/pit 2. According to Zariski (see [21] , p. 562), fix a non-singular elliptic curve ,D) ) is a projective normal surface.
In case 2, one sees that E is a fixed component of \nD\ for all n ^ 1 and hence R(X,D) is not finitely generated over k (see [21] , p. 563 or Corollary 4). Then Y is a normal algebraic space of dimension 2 proper over k and Y\y c~ Proj (R(X,D) ) is a quasi-projective surface.
Example 3. According to [3] , let X be a smooth projective ruled non-rational surface and let D = :-K x be an anti-canonical divisor such that K(X, -K X ) = 2. Then the canonical model Y of (X,D) has the following properties (see [3] ):
Y is always a normal projective surface, having precisely one non rational singularity yeY and possibly finitely many rational singularities; n*(-K x ) = ~K Y , where K Y is a canonical Weil divisor on Y.
